ABSTRACT: Muon beam-induced plasma loading of radio-frequency (RF) cavities filled with high pressure hydrogen gas with 1% dry air dopant has been studied via numerical simulations. The electromagnetic code SPACE, that resolves relevant atomic physics processes, including ionization by the muon beam, electron attachment to dopant molecules, and electron-ion and ion-ion recombination, has been used. Simulations studies have been performed in the range of parameters typical for practical muon cooling channels.
Introduction
Muon cooling is a challenging problem, critical for the successful design of a muon collider or a neutrino factory. Ionization cooling is the only viable method to quickly cool the beam temperature within the muon lifetime [1] . As muons propagate through a material with strong magnetic focusing, their kinetic energy is reduced via ionization processes and then recovered by RF cavities. Better cooling efficiency is obtained with higher RF gradient. However, the achievable RF gradient is limited by the presence of a static magnetic field in a vacuum cavity because the density of dark current, which is a seed of electric breakdown in an RF cavity, is increased by magnetic focusing [2] . A high-pressure hydrogen gas-filled RF (HPRF) cavity [3] has the potential to resolve this problem. Hydrogen gas in the cavity serves a dual role: it buffers the dark current and serves as the ionization material for the cooling process. A novel ionization cooling channel using the dual function cavity was proposed and its high cooling efficiency has been demonstrated via simulations [4, 5] .
A parallel particle-in-cell (PIC) code SPACE, designed for simulations of electromagnetic fields, relativistic particle beams, and plasma chemistry [9] has been used in this work for the simulation of HPRF cavities interacting with muon beams. The atomic physics module of SPACE was validated in our previous work [11] . The validation data were provided by a series of experiments performed in the Mucool Test Area (MTA) at Fermilab [6, 7, 8] using the HPRF cavity interacting with intense proton beams. In particular, the plasma loading effect has been investigated [8] . Plasma loading takes place when a beam-induced plasma in the HPRF cavity absorbs the stored energy of the electromagnetic field in the cavity and causes a reduction of the electric field. The plasma loading depends on the amount and mobility of charged particles in the gas. To decrease the plasma loading effect, adding a small amount of electronegative dopant to the hydrogen gas was proposed and successfully tested experimentally. Simulations achieved very good agreement with experiments. Comparison of simulations and experiments has also led to the calibration of some parameters characterizing atomic processes, in particular recombination and attachment rates, which could not be reliably measured in experiments.
In this work, we report simulation results of the interaction of muon beams with two HPRF cavities filled with hydrogen gas at pressures of 100 atm and 160 atm, and containing 1 % dry air dopant. Simulations support the design of a practical muon ionization cooling channels.
Governing equations and numerical algorithms 2.1 Plasma formation
As an intense proton or muon beam propagates in the HPRF cavity, plasma is created by ionization of hydrogen gas molecules due to collisions with beam particles. Some generated electrons have enough kinetic energy to cause secondary ionization. The process is described as
where p, H 2 , and e are a beam particle (proton or muon), hydrogen molecule, and electron, respectively. The number of electron-ion pairs N pairs , produced in an elementary volume dV of the cavity during time dt, is estimated based on the stopping power of the beam in hydrogen gas
Here (dE/dx) is the normalized stopping power of a beam particle per unit density of the absorber material, ρ, h, W i , and N b denote the gas mass density, length of the volume dV along the beam path, average ionization energy, and the number of beam particles that traverse dV in time dt, respectively. In Eq. (2.2), W i accounts for both processes described in (2.1). The Bethe-Bloch formula [1] is used for calculating the stopping power. At high pressures over 20 atm, typical for the HPRF cavity, the H + 2 ions quickly form other clusters of hydrogen:
Recombination
In the HPRF cavity filled with pure hydrogen gas, electrons created by ionization recombine with hydrogen clusters through either binary or ternary recombination processes:
where j = 3, 5, 7, · · · . At the HPRF conditions, ternary recombination is dominant [6] . The time evolution of the electron number density is given by the following equation 5) where j = 3, 5, 7, · · · , and n e , n H j + ,Ṅ e , and β j denote the number density of electrons, the number density of H j j hydrogen ion clusters, the production rate of electrons, and the recombination rate of electrons and H j + , respectively. Relative populations of hydrogen clusters were not measured in the MTA experiments, and therefore an effective recombination rate β e for an averaged hydrogen ion cluster was used in our models and simulations. The averaged hydrogen ion cluster that represents the sum ∑ j β j n H j + is denoted as β e n H + . The effective recombination rate was measured in the MTA experiments at the equilibrium state of plasma (i.e. dn e /dt = 0). In our model, we use the following fit for the effective recombination rate, applicable to transient processes in the plasma, 6) where X = E/P is the ratio of electric field magnitude to the gas pressure. Values for the parameters a and b were obtained via comparison of HPRF simulations to various experimentally measured quantities, in particular, the plasma loading [8] , and extrapolated to the range of parameters used in this work.
Attachment and ion -ion recombination
When an electronegative gas such as oxygen is added to the hydrogen gas, a three-body attachment process takes place in the plasma, which is significantly faster than the electron -ion recombination [7] . The negative ions produced by the attachment process recombine with hydrogen ions. The governing equations are dn e dt =Ṅ e − β e n e n H + − n e τ ,
where τ, η, and n O − 2 are the attachment time, effective ion -ion recombination rate, and the number density of dopant gas ions, respectively.
As the recombination and attachment rates depend on the electric field, they are functions of spatial coordinates and time. The attachment time and the ion -ion recombination rate have been measured experimentally, but only over a narrow range of RF field amplitudes. Parameters for current simulations were obtained by extrapolation of experimental data and previous simulations.
Numerical algorithms and their implementation
Simulations of processes in the HPRF cavity have been performed using a parallel particle-incell (PIC) code SPACE that resolves electromagnetic fields, relativistic particle beams, and plasma chemistry [9] . For electrostatic problems, SPACE uses a highly adaptive Particle-in-Cloud method [12] . A set of verification test problems for SPACE is described in [10] . The main feature of SPACE, relevant to HPRF simulations, is its ability to support complex atomic physics transformations such as those described in the previous section. Details of plasma chemistry algorithms as well as a time stepping algorithm that maintains different time scales for the particle beam and plasma can be found in [11] .
While the dynamics of the proton beam and plasma were explicitly resolved in simulations, a direct simulation of plasma loading was not feasible due to its non-local nature. In simulations, the change of the RF field due to plasma loading can be approximated by an RLC resonant circuit formula [8] . In particular, the RF power dissipation can be described as
where P, R, C, V max , V (t) are the RF field power, the shunt impedance, the cavity capacitance, the magnitude of the RF voltage, and the instantaneous voltage value, respectively [6] . In the simulations, the total power of plasma loading is computed at each time step as a sum over all computational nodes N of the PIC mesh
where
is the average energy loss by plasma particle pairs per computational node j during one RF cycle [11] . Here E 0 (x, y, z), and ω denote the local amplitude and the angular frequency of the RF field, respectively, p e is a fraction of electron in an effective electron-ion pair, and µ e , µ + , and µ − denote mobilities of electrons, and positive and negative ions. An effective electron-ion pair contains one positive ion, a fraction of an electron p e , and the corresponding fraction of a negative ion 1 − p e . In pure hydrogen gas, p e = 1. The value of P(t) is used to compute the RF field voltage V (t) by integrating the following ordinary differential equation
Another factor contributing to the plasma loading simulations is the distribution of the RF field (E 0 (x, y, z)) in the cavity, studied in [7] . The RF field amplitude significantly changes in the longitudinal direction, while the change in the radial direction is negligibly small across the plasma column. Therefore, the RF field amplitude was approximated in the SPACE code as a quadratic polynomial in the longitudinal coordinate, using data from global electromagnetic simulations of the cavity.
Simulation results

Summary of validation studies
The SPACE code atomic physics module has been validated in [11] using results of the Fermilab MTA experiments [8] on the interaction of proton beams with high-pressure gas in the HPRF cavity. Dominant effects of the plasma dynamics in the HPRF cavity have been quantified in numerical simulations and previous analytical studies. They showed that ionization electrons are immediately thermalized by interacting with neutral particles and follow the conventional electron transport model. As reported in the experimental paper [6] , electron mobility is significantly reduced by a pressure effect. Electron capture by an electronegative dopant is also explained by the conventional three body model. It concludes that the electron capture time can be much shorter than a nanosecond. Simulations show a very strong reduction of the RF field magnitude in equilibrium for pure hydrogen plasma: the field is reduced by a factor of 7 at the pressure of 100 atm, and by the factor of 44 at 20.4 atm. The larger reduction of the electric field at low pressure is due to smaller recombination rates and, therefore, higher electron density. If a 1 % dry air dopant is added to the hydrogen gas, the reduction of the RF field is greatly mitigated: the reduction factor at 20.4 atm is only 1.7. Simulations have achieved very good agreement with experiments on plasma loading and related processes.
Simulations also contributed to a better understanding of plasma properties. In a series of simulations and their comparison with experimentally measured quantities characterizing the plasma loading process, several uncertain properties of the plasma, such as effective recombination rates and the attachment time of electrons to dopant molecules, have been quantified and accurate fit functions for these quantities, valid over a wide range of electric field values and the same pressure values, have been found.
Plasma loading of HPRF cavities by muon beams
In this section, we discuss simulations of the muon beam interaction with HPRF cavities in the parameter space of practical ionization cooling channels using the validated code SPACE. The main physics parameters are described in Table 1 .
Simulations model two HPRF cavities: the first one is 10 cm long, with 20 MV/m, 325 MHz RF field, and the second cavity is 5 cm long, with 20 MV/m, 650 MHz RF field. Both cavities are filled with hydrogen gas containing 1% of dry air dopant. Each cavity was studied at 100 atm and 160 atm of gas pressure. HPRF cavities interact with muon beams consisting of 20 bunches with the length of 3 cm, arriving with the interval of 3 ns. The muon beam in the first cavity is very wide in the transverse direction, with the radius of 1 cm. In the second cavity, it is focused to the radius of 0.1 cm. For simulations reported in this paper, we use the following approximations for coefficients determining the rate of atomic processes: the effective electron-ion recombination rate β e = 1.5 × 10 −10 X −1.2 , the ion-ion recombination rate η = 1.6×10 −10 X −1.0 , and the electron attachment time to dopant molecule τ = 4.0 × 10 −7 X 1.0 , where the ratio of the electric field magnitude to the gas pressure, X = E/P, is computed in units of MV /(m psi).
Evolution of the total number of electrons in the first cavity is shown in Figure 1 . During first 20 ns, the number of electrons rapidly increases due to ionization, reaching maximum values of 1.08 × 10 15 and 1.2 × 10 15 at the gas pressures of 100 atm and 160 atm, respectively. With the increase of the electron density, the electron-ion recombination and electron attachment rate to dopant molecules intensifies, overpowers the gas ionization rate by the muon beam, and the number of electrons gradually reduces to 0.8 × 10 15 for both hydrogen gas pressures after the arrival of the last muon bunch. After that, the electron density drops to zero within 10 ns. Evolution of the average power stored in the plasma is shown in Figure 2a . It reaches maximum values of 3.3 × 10 6 and 2.4 × 10 6 at the peak of the electron density, slightly reduces towards the end of the beam time, and then rapidly desreases with the decline of the electron density. However, it does not go to zero at 80 ns because of energy stored in positive hydrogen ions and negative dopant ions. As the density of ions slowly deceases by recombination processes, the averaged stored power slowly changes with microsecond characteristic time scales. The average power stored in plasma at 160 atm is smaller compared to that at 100 atm despite a slightly larger total number of electrons and ions. This is mostly due to the reduction of electron mobility at higher gas pressure: the electron mobility is approximately 40 % smaller at 160 atm compared to 100 atm.
The power stored in plasma explains the behaviors of the RF field magnitude, depicted in Figure 2b . The RF field magnitude drops almost linearly during the beam time, and then continues to decrease slightly because of the energy stored in ions. The total decrease of the RF field magnitude is very small -less than 1 %, which is significantly different compared to large values due to plasma loading of HPRF cavities interacting with proton beams, observed in Fermilab MTF experiments [8] and simulations [11] .
The overall time-averaged dynamics of the number of electrons, averaged power stored in plasma, and the RF field magnitude is qualitatively similar for the second HPRF cavity. The shorttime evolution, however, is different, and needs to be explained.
Evolution of the total number of electrons, and positive and negative ions at 100 atm and 160 atm pressure values in the second cavity is shown in Figure 3 . As the muon beam is strongly focused to the radius of 0.1 cm, the number density of electrons is almost two orders of magnitude higher along the beam axis compared to the first cavity. Such a high number density of electrons significantly increases the electron recombination and attachment rates. Significant fractions of electrons recombine with hydrogen ions and become attached to dopant molecules within nanosecond time intervals between muon bunches. This explains the highly oscillatory behavior of the number of electrons and, correspondingly, positive and negative ions. Because of fast recombination / attachment processes, the maximum number of electrons is much smaller compared to the previous cavity.
Similar oscillatory behavior is also evident for the power stored in plasma particles and de-picted in Figure 4 . For better explanation of the behavior of plasma power, we present the evolution of its instantaneous value in Figure 4a , the evolution of plasma power averaged over the RF field period in Figure 4b , and the evolution of plasma power averaged over the muon bunch period in Figure 4c . The fastest oscillatory behavior of instantaneous plasma power values is caused by fast oscillations of the number density of charges and approximately twice faster oscillations of the RF field. Averaged over the RF period, the plasma power oscillates with the frequency of muon bunches. Finally, the averaging of plasma power over the muon bunch period results in a smooth variation of plasma power. Lower values of the plasma power at 28 -30 ns (see Figure 4c) is the result of small details in the evolution of plasma particles. In particular, the highest values of the electron number density for both values of gas pressures (see Figure 3) are obtained after the arrival of only the second and third muon bunches. The number of dopant ions at this time is still low. But as the electron mobility is significantly larger compared to the mobilities of positive and negative ions, the plasma power is close to its maximum value (see Figure 4c ). After that, the averaged number of negative and positive ions continues to slightly increase while the averaged number of electrons slightly reduces as attachment processes intensify. The more rapid increase of ions is responsible for the increase of the plasma power until approximately 7 ns. After that, further reduction of electrons causes the reduction of the plasma power despite further increase of the number of positive and negative ions: plasma power is much more sensitive to the number electrons as their mobility is approximately 43 times larger than the mobility of positive hydrogen ions and approximately 71 times larger compared to the mobility of negative ion dopants. The local minimum of plasma power is achieved at 28 -30 ns. At this time, the number of electrons, averaged over the muon beam period, reaches a steady state due to the balance of ionization, recombination and electron attachment processes. With a constant averaged number of electrons, further increase of the number of ions causes a slight increase in the plasma power, and a second local maximum is reached at about 42 ns. It then reduces again because of a slight reduction of the electron number. The reduction of the RF field magnitude due to plasma loading, that causes a decrease of mobilities of plasma particles, and a 3D spatial dependence of all quantities add extra complications to the analysis.
The reduction of the RF field amplitude, shown in Figure 4d , is not sensitive to such small scale oscillations. While the reduction of the RF field magnitude is very small in both cases, it is larger in the second cavity despite smaller power stored in plasma compared to the first cavity: the RF power in the second cavity is reduced by 2.2 % in 100 atm hydrogen gas at 80 ns compared to 0.8 % in the first cavity. This difference is due to the geometry and parameters of each cavity: the capacitance and resistance of the 10 cm long, 325 MHz cavity are 6.1 × 10 −12 F and 8.7 MOhm, respectively, while these parameters for the 5 cm long, 650 MHz cavity are 3.0 × 10 −12 F and 3.1 MOhm. 
Conclusions
Numerical simulations of the interaction of intense muon beams with two HPRF cavities filled with hydrogen gas at the pressures of 100 and 160 atm and containing 1% of dry air dopant have been performed using code SPACE. The atomic physics module of SPACE is designed to resolve all relevant processes occurring in the HPRF cavity. They include ionization by muon impact, electron attachment to dopant molecules, formation of cascades of heavier hydrogen ions, electron-ion and ion-ion recombination processes, as well as experimental data-based models of electron and ion mobilities in the dense gas. The atomic physics module has been validated in our previous work [11] by comparing simulations with experiments in the Fermilab MTA facility which operated HPRF cavities filled with pure hydrogen gas and hydrogen gas containing dry air dopant interacting with intense proton beams. Simulations showed a very strong reduction of the RF field magnitude in equilibrium for pure hydrogen plasma, much smaller reduction in the presence of dry air dopant, and achieved very good agreement with experiments.
The validated SPACE code has been used in this work for the study of atomic processes in HPRF cavities and their plasma loading by intense muon beams. The parameter set of numerical simulations is relevant to the design of practical muon cooling channels. We have analyzed the evolution of atomic processes in HPRF cavities, power stored in plasma, and their influence on the reduction of the RF field magnitude. We show that the plasma dynamics strongly depends on the muon beam focusing: tightly focused beams create high electron number density which in turn intensifies the electron attachment to dopant molecules and causes a rapid reduction of the number of free electrons and its oscillation with the frequency of muon bunches. The reduction of the RF field amplitude, however, is not sensitive to these fast oscillations. The reduction of the RF field amplitude was negligibly small for all cases studied in this work. Several other issues, not unique to muon calling channels, affect the HPRF cavity performance. One of them is the beam loading which significantly affects the HPRF cavity accelerating mode for high intensity muon beams [16] .
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A. Derivation of RLC Circuit Formula for HPRF Cavity Plasma Loading The plasma generated by a beam ionizing the gas within the cavity is an additional current path, and therefore acts as an additional resistance. The cavity will transfer stored energy to the plasma, where the power delivered is the time rate of change of the stored energy in the cavity:
The cavity continues to receive power from the generator, in this case a klystron, given by:
At resonance, Z in = R, and Equation A.2 reduces to:
For a matched load (cavity) and generator, Z 0 = R c in Figure 5 . The power coming from the source (klystron) is as a function of time is:
The power being delivered to the gas is then the difference between what the source is supplying the cavity, and what the cavity is feeding the gas:
Note that at early times, V 0 ≈ V , and the majority of power delivered to the gas comes from the stored energy of the cavity, i.e. the second term in Equation A.5 is larger than the first term. As the cavity discharges V and dV /dt become small, and the majority of power delivered to the gas comes directly from the klystron, i.e. the first term is larger than the second.
